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ABSTRACT
We obtain a four dimensional exploding universe solution in string theory.
The solution is obtained from the string theory in the flat background by
using non-abelian T -duality and the analytic continuation. In the solution,
the radius of the universe is finite for fixed time and the universe is surrounded
with the boundary which is composed of the singularity. The boundary runs
away with the speed of light and the flat space-time is left behind.
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It would be interesting to consider the cosmological problems in the string
theories since the string theory is a theory of the gravity. In this paper, we
give a four dimensional exploding universe solution of the string theories.
The radius of the universe is finite for fixed time and is surrounded by the
boundary which is composed of singularity. The boundary runs away with
the speed of light and the flat space-time is left behind.
The solution is obtained from the string theory in the flat background
by using non-abelian T -duality [1] and the analytic continuation. When a
σ model in two dimensions has an abelian or non-abelian isometry, we can
introduce the gauge fields by gauging the isometry and impose a constraint
which makes the gauge curvature vanish. After imposing a gauge fixing
condition and integrating gauge fields, we obtain the dual model. In this
model, there appears a shift of the dilaton fields when we use a regularization
which keeps the general covariance. The non-abelian T -duality can be used
to show the equivalence of string models corresponding to different topologies
[2]. Recently the equivalence of the chiral model and Wess-Zumino-Witten
model [3] when coupled with gravity was shown [4] by using the model dual
to the chiral model [5].
We start with four dimensional space with Euclidean signature by assum-
ing that the extra dimensions (twenty-two dimensions in bosonic string or
six dimensions in superstring) are properly compactified. We parametrize
the four coordinates Xµ (µ = 0, 1, 2, 3) by
g = eρ+φ
iσi = X0 + iX iσi . (1)
Here σi’s (i = 1, 2, 3) are Pauli matrices. Then the Lagrangean of the string
in four dimensional flat background is given by
L = 1
2
∂¯Xα∂Xα
=
1
4
tr ∂¯g†∂g . (2)
The Lagrangean has SO(4) ∼ SU(2)L ⊗ SU(2)R symmetry. The two SU(2)
transformations are given by
g → hg (SU(2)L) , g → gh (SU(2)R) . (3)
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(h is a group element of SU(2).) In order to obtain a dual Lagrangean, we
gauge SU(2)L symmetry by introducing gauge fields A and A¯,
A = AiT i , A¯ = A¯iT i (4)
T i =
1
2
σi , (5)
Lgauged = −1
4
tr g†(∂g + Ag)g†(∂¯g + A¯g) (6)
and add a term which makes the gauge curvature F = [∂+A, ∂¯+ A¯] vanish,
Lconstraint = 1
2
tr ξF (7)
Here ξ is an element of SU(2) algebra
ξ = ξiT i . (8)
When we integrate the gauge fields A and A¯ by choosing the gauge condition
φi = 0 , (9)
we obtain the dual Lagrangean
Ldual = 1
2
e2ρ∂ρ∂¯ρ+
1
e4ρ + 4(ξ)2
[
2e2ρδij − 4ǫijkξk + 8e−2ρξiξj
]
∂ξi∂¯ξj . (10)
Here (ξ)2 = ξiξi. Furthermore, by using the regularization which keeps the
general covariance, we find that there appears a dilaton term in the dual
theory [1],
Ldilaton = − 1
4π
R(2)Φ
Φ = ln(e4ρ + 4(ξ)2) . (11)
Here Φ is the dilaton field. Eq.(10) tells that the target space metric is given
by
ds2 =
1
2
e2ρdρ2 +
1
e4ρ + 4(ξ)2
[
2e2ρδij + 8e
−2ρξiξj
]
dξidξj . (12)
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When we express ξi’s by the polar coordinates (r, θ, ϕ)


ξ1 = r sin θ cosϕ
ξ2 = r sin θ sinϕ
ξ3 = r cos θ
(13)
we obtain
ds2 =
1
l
(dl2 + dr2) +
lr2
l2 + r2
(dθ2 + sin2 θdϕ2) . (14)
Here
l = e2ρ . (15)
By further changing the coordinates (l, r) to (t, s) by
s2 =
lr2
l2 + r2
(16)
t2 = s2x−1(2− 3x) 16 (1− x)− 12 (17)
we find
ds2 =
4
4− 11x+ 8x2
{
(2− 3x) 116 (1− x)− 12dt2 + ds2
}
+s2(dθ2 + sin2 θdϕ2) . (18)
Here x is defined by
x ≡ s
2
l
=
r2
l2 + r2
(19)
and is a function of (t, s) given by solving Eq.(17). The metric can be ana-
lytically continuated by
s −→ is (20)(
x −→ −x
t2 −→ t2 = s2x−1(2 + 3x) 16 (1 + x)− 12
)
(21)
and becomes the metric of Lorentz signature
ds2 =
4
4 + 11x+ 8x2
{
(2 + 3x)
11
6 (1 + x)−
1
2dt2 − ds2
}
−s2(dθ2 + sin2 θdϕ2) . (22)
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As we will see in the following, the metric (22) describes the exploding uni-
verse whose radius is finite for fixed t and the universe is surrounded with
the boundary of the singularity, which runs away with the speed of light and
the flat space-time is left behind.
When s is fixed and t goes to infinity or s goes to zero and t is fixed, the
metric (22) has the following form
ds2 ∼ 2 116 dt2 − ds2 − s2(dθ2 + sin2 θdϕ2) . (23)
This tells that there is no conical singularity at s = 0 and the metric ap-
proaches to the metric in the flat background when t becomes large.
On the other hand, when s is fixed and t goes to zero or s goes to infinity
and t is fixed, the metric (22) has the following form
ds2 ∼ 3 742−1
(
s−1tdt2 − 3−2s−3t3ds2
)
− s2(dθ2 + sin2 θdϕ2) . (24)
This tells that there is a singularity at t = 0. Furthermore, when s goes to
infinity and t is fixed, the ratio of the length scale in the angular (θ or φ)
direction to that in the radial (s) direction diverges and there is a singularity
at s = ∞. Note that the distance R between the singularity (s = ∞) and
the center (s = 0) is finite and given by
R =
∫ ∞
0
ds
2√
4 + 11x+ 8x2
= t
∫ ∞
0
dx
(4 + 11x+ 8x2)
1
2
x
1
2 (2 + 3x)
13
12 (1 + x)
3
4
. (25)
R can be regarded as the radius of the universe and is proportional to t. In
fact, the singularity at s =∞ runs away with the speed of light. In order to
see this, we define Kruskal-like coordinates ζ± by
ζ± ≡ s2x−1
{
1±
(
x
1 + x
) 1
2
}
. (26)
By using these coordinates ζ±, the metric (22) can be rewritten by
ds2 =
2
ζ+ + ζ−
dζ+dζ− − s2(dθ2 + sin2 θdϕ2) . (27)
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Here s2 is given by
s2 =
(ζ+ + ζ−)(ζ+ − ζ−)2
ζ+ζ−
(28)
In these coordinates, the orbit of radially radiated light is given by the line
where ζ+ or ζ− is a constant. Eq.(28) tells that the singularity at s2 = ∞
corresponds to ζ+ = 0 or ζ− = 0. Therefore the singularity, which can be
regarded as a boundary of the universe, runs away with the speed of light.
Since the dilaton field Φ in Eq.(11) is given in terms of the coordinates ζ±
by
Φ = ln ζ+ζ− , (29)
the dilaton field Φ becomes singular if and only if s2 =∞ (ζ+ = 0 or ζ− = 0).
In summary, we have obtained a four dimensional exploding universe so-
lution in string theory. The solution is obtained from the string theory in the
flat background by using non-abelian T -duality and the analytic continua-
tion. In the solution, the radius of the universe is finite for fixed time and the
universe is surrounded with the boundary of the singularity. The boundary
runs away with the speed of light like the wave front of an explosion and
the flat space-time is left behind. Since the solution is obtained from the
string theory of the flat background, we can exactly calculate the correlation
functions on the world sheet.
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